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Abstract

Tchebycheff was a Russian mathematician. He did most of his work

on approximation theory in 1894.
The problem that I wish to address is that I want to approrimate a
continuous function f defined on an interval [a, b] by a polynomial:

Plx) = Cp, X™ + Cra X"t + ... +Co

I want to evaluate this approximation by minimizing expressions of the
form:

1. maz |f(z) — p(z)]

Background

This thesis is submitted in partial fullfillment of the requirements for the degree
of Bachelor’s of Science in Mathematics at Pacific Lutheran University.

1.1 Introduction

Tchebycheff was a Russian mathematician. He did most of his work on approx-
imation theory in 1894.

The problem that I wish to address is that I want to approximate a contin-

uous function fdefined on an interval [a, b/ by a polynomial:

P(z) = CoX™ + Cp X" + .. + Co



I want to evaluate this approximation by minimizing expressions of the form:

L. max [f(z) — p(z)]

A large part of the work of Tchebycheff involved the very special case when
the number of points taken is equal to n+1. This topic is called interpolation.

We know that a straight line having the equation y = az + b can be passed
through any two points having distinct abscissas.

Similarly, a parabola y = ax? + bz + c can be passed through any three
points having distinct abscissas.

I would now like to generalize this concept for n +1 points. But I first need
to do some preliminary work.

2 Vandermonde’s Determinant

Theorem:

1 X Xg . Xy
1 X, X2 ... X7r
H0§j<i§n(Xi - Xj) = .1 !
1 X, X% X

Proof by induction:

I will first show that Vandermonde’s Determinant (from here on out this
determimiant will be referred to as: Dr) holds for n=1. For n=1 we have:

Therefore Dr holds for n=1.

Assuming that Dy is true for n=r, I must now prove that Dy holds for n=r+1.
For n=r+1 we have:



IR CHD ¢ EEED ¢ AP ¢

I CHD ¢ CHND ¢t
1 Xepn X2 o0 X7y XTH
IR (D ¢ I ¢ ¢RI ¢
lroxy xEo X7 XM o XTX,
L Xo X2 o X7 X X700 X0
1 X0 X2 .. X} 0
lrox X X7 X7 (X1 — Xo)
1 Xepr X2 o0 X7 X0 (X — Xo)
1 X, X2 . X5 - Xg 0
Xy X3P XT-XT'X, X7(X1 — Xo)
1 Xoor X2y oo X[ = XTH X0 X1 (X — Xo)
1 X, X2 . 0 0
X X XX - Xo) X7 (X1 — Xo)
L X X2 o X005 (X — Xo) X740 (X1 — Xo)

Continuing this process we arrive at:

1 0 0 0 0
1 (X, — Xo) Xi(X; - Xo) .. X7TTHX; - X)) X7(X1 — Xo)
1 (X1 —Xo) Xe1(Xpq1 — Xo) o X[ (X1 — Xo) X7 (X1 — Xo)
(X1 — Xo) X1(X;—Xo) .. XTHX; - X)) X7 (X1 — Xo)
(X5 — Xo) Xo(Xo— Xo) .. X5 HXo - Xo) X5(Xy — Xo)
(X1 = Xo) Xpn1(X1 = Xo) o X[ (X1 — Xo) X7y (X1 — Xo)



= (X7 — Xo) multiplied by:

1 X, Xyt X7
(X5 — Xo) Xo(Xy — Xo) .. X3 HXs — Xo) X5(Xy — Xo)
(Xrp1 — Xo0) Xpp1 (X1 — Xo) oo X701 (X1 — Xo) X711 (Xpp1 — Xo)

= (Xl — XO)(X2 - Xo) multlphed by

1 X, Xyt X7
1 X, Xrt X5
(Xrt1 = Xo0) Xos1 (X1 = Xo) o X[ (Xpp1 = Xo) X741 (X1 — Xo)

Continuing this process we arrive at:

1 X, ..o XrtooXxv
— (X1 = Xo)(Xs — Xo)o( X — Xo) | 1 K2 Xox
1 X X:J:ll X,
IS CHENND ¢ ¢4
- H1§i§r+1(Xz‘ — Xo) 1 Xy .. X5t X3
I Xop1 X;;ll Xr,

The matrix on the right is nothing more than Vandermonde’s Determinant
for r variables. In this case the variables have been numbered from 1 to r+1
instead of 0 to r. Thus by my assumption that Dp holds for n=r, we have:

= [ngigrﬂ(xi - XO)] [H0§j<i§n(x'i - Xj)]

= H0§i§r+1(Xi - Xj)

Therefore Dr is true for n = r+1. Thus (by induction) my proof is complete.



3 Interpolation Theorem

Theorem:

There exists a unique polynomial of degree < n which assumes prescribed
values at n + 1 distinct points.

Proof:

Let (zo,x1,...,2n) be the points and (yo,¥1,...,yn) be the prescribed val-
ues. We seek a polynomial p such that p(z;) = y;(i = 0,1,...,n). Since the
polynomial is of degree < n, it may be expressed as:

P(X) =31 C5X
Hence our requirement now reads:
P(X;) =Y C X! =Yi(i=0,1,...,n).

Written out in matrix from this becomes:

1 X, X2 .. Xp

1 X, X2 .. X»

In this equation the C matrix is unknown while the X and Y matricies are
known.

The determinant of the X matrix equals Vandermonde’s Determinant and
thus has the value:

Drp = H0§j<ign(Xi - Xj)

Since each of the X;’s are distinct, Det # 0. Thus the matrix has a unique
solution and my proof is complete.
4 Interpolation Process

I will now seek to asses the interpolation process as an instrument of approxi-
mation. This examination will pertain to our two original expressions:

L max [f(z) — p(z)]



The polynomial p of degree < m which interpolates to f at n+1 points x;,
clearly solves the problem of minimizing the second equation when m = n+1.

I will now ask, will the first expression also be small when p is chosen in this
way. The answer is certainly not if the behavior of f between the interpolating
points is not somehow controlled. It turns out that such control is possible
for functions which possess n+1 continuous derivatives. Before I address this
problem, we need to familiarize ourselves with the Tchebycheff norm, which for
a polynomial y defined on the interval [a,b], is:

[yllp = maza<a<s|y(@)]

To show that this is indeed a norm I must show, for polynomials y and z,
that:

1. |ly]| > 0 (unless y = 0)
2. Mll = I llyll (3 is a scalar)

3 [y + 2l < {lyll + |l=]]

The Tchebycheff norm obviously fits this definition.

5 Theorem 1

Theorem:
If f possesses n continuous derivatives on [a, b/. And if p is the polynomial

of degree < n which interpolates to fat n nodes x; in [a, b/,
and if w(z) =[] (x — z;), then in terms of the Tchebycheff norm:

1f = pll < o [1LFP] [[wl]
Proof:

I will first show to each y in /a, b/ there corresponds a z, € [a, b] such that:

fty) - ply) = 3 ™ (2 )w(y)



This formula is obvious if ¥ is one of the nodes. Otherwise we put:
¢ =f-p-Aw
where A is chosen to make ¢(y) = 0. Namely:

o(y) = fly) - p(y) - Mw(y)
0= f(y) - p(y) - \w(y)

It is clear that ¢ vanishes also at the nodes z; for:

¢(wi) = f(xi) - p(xs) - Aw(z;) = 0

Thus ¢ vanishes in at least n 4 1 points of [a, b/, the n nodes and the point

y. Rolle’s theorem states that for f(z) € cfa, b] and f differentiable at each point
of [a, b]. If f(a) = f(b) then there is a point z = 8 with a < 8 < b for which

f1(B) =o.
Thus since f possesses n continuous derivatives on [a, b/, ¢’ vanishes at least
once between any two zeros of ¢ and thus vanishes in at least n points.

Also, ¢” vanishes at least once between any two zeros of ¢’ and thus vanishes

in at least n-1 points. Continuing this argument, we see that ¢(") has at least
one root on the interval [a, bj, say at the point zy. By differentiating ¢ with

respect to z and remembering that y is a fixed point we have:

oM = f() _pn) - xep(m)
And since p is a polynomial of degree < n we have:
¢ = f) g - N
And since w(s) = s™ + s""! + ... we have:

o = £ - \n!

Thus:
F(zy) = Ml
And since:
A\ = fW-»pE)
w(y)
we have:

f( )(zy) _ [f(y)wé()y)]



fw) - p(y) = & F™(z)w(y)
1fy) —pW)| =15 [ (z)w(y)]

Remember, the preceeding is true for all y € [a, b/.

Now assume that:
maza<y<s| f(y) — p(Y)| # mazacy<y |5 (z)w(y)|
Without loss of generality I can assume that:
maza<y<| f(y) — p(Y)| < maza<y<y |5 (z)w(y)|

Now for a € [a, b] let:

LI (za)w(@)| = maza<y<y |5 (z))w(y)]
then:
> maza<y<o|f(y) — p(y)|
QED
Thus:

maza<y<s| f(y) — p(Y)| = mazazy<s |5 F™ (z))w(y)|
1F () =2l = & 11F (z)w(y)l]
< o LFP @I w ()]
< LA ()]

A question that is raised in a natural way by the foregoing theorem is how
can we situate the nodes as to optimize the error bound? Since the nodes enter
this formula only in the function w, I must attempt to minimize the norm of w.

I will now prove a relationship which will be immediately useful.



6 Theorem 2
Theorem:
S Arcos®O = cosnf

With appropriate coefficients Ay, the leading one, A4, = 271

Proof by induction:

I will first show that the equation holds for n = 1.

cos(1 —6) = cost
=0+ (1xcosb)

= Z/lc:o Apcosto

The leading coefficient A; = 1 = 20 = 21=1 = 27~ Therefore, the equation
holds for n=1.

I will now assume that the formula is true for n=r and the leading coefficient
A, =271, I need to show that the relationship is true for n=r+1. Thus:

cos(r + 1)0 = cos(rf + 0)
= cosrfcosh - sinrfsind
Since:
= cos(A + B) = cosAcosB + sinAsinB
We have:

= 2cosrfcost - cosrfcostd - sinrfsinf

= 2cosrficos) - cos(r - 1)0

= 2co0s0 > ) _, Axcosto — Zz;é By.cosk

=31 _o2Axcosk 10 — Zz;é By.cos*6



= 245,c08" 10 + 2451 1c05™0 + S (241, — By)cos 0

+1
= Y0 E Crcosto

Where (Cr—i-l = QAT), (Cr = QAT_l), and (07 = 2141 - Bl) for (O S ) S 7’71).
The relationship thus holds for n=r+1. Therefore (by induction), my proof
is complete.

7 Theorem 3

Theorem:

The norm of:

w(z) = [[i (X = Xi)
is minimized on /-1, 1] when:

x; = cos[(2i — 1)4L]

Proof:
Letting:

To(z) =31 g ApX”
We have:

T, (cost) = cosnf
To obtain the roots of T;, we set:
Th(cosh) =0

We thus have:

T, (cost) = cosnf = 0

nl = arccos

10



ng =0 G — 100 )

(2D
0 = 2n

cost = cos|(2i — 1)1-]

Thus the roots of T}, are the x; given above. The polynomial: U = 2'="T,,
is a multiple of Wsince U and W have the same zeros. The maximum of |U ()|
on [-1, 1] occurs then at the points:

I

n

Y; = COSl
Since:

T, (ys) = cosni¥ = cosill = (—1)

n_

Now if possible, let V be another polynomial of the same form as W, for
which: ||[V|| < ||U]|. Then:

Vo) < [IU]l = Ul(yo)

Thus:
V(yo) < Uyo)
and:
Viyo) < |IU[l = Ul =1[-1]

Now:

Viy) > -1,
Since if:

Viy) < -1,
Then:

Viy) = | =11 = [|U]|

Thus:

11



V(y) > -1 =U(y1)

Continuing this process we see that (U - V) must vanish at least once in each
interval [ (y1,%0), (y2,41), ... /| for a total of n times. But this is not possible

since V and W have degree n and a leading coefficient of 1. Their difference is
therefore of degree < n.
Thus: [|V]] > ||U]|, and W is thus minimized on [-1, 1/ when:
x; = cos[(2i - 1)3]

I now need to expand this result to apply for the general interval [a, b/ to

[-1, 1] where the following serves our purpose:
_ a—2y+b
T ="

Our transformation is continuous except when: a = b, which is an interval
of one point and thus not permitted. Solving for y we have:
(a-b)x=(a+b)-2y
2y = (a+b)+ (b-a)x
y=13[(a+0b)+ (b-a)y] from[1, 1] [a, b].
Now we recall that the zeros of T, (z) are:
x; = cos[(2i - 1)3]
And thus the corresponding interpolation points in [a, b/ are:
yi =5 [(b- a)cos[(2i - 1)3-] + (a + b)]

Therefore, for a given function f of degree < n, which posseses n continuous
derivatives on [a, b/, we can construct an approximation p such that the mean

of (f - p)is give by:
1 =l < 5 11 [l

where the norm of w(y) =[], (y — ;) is minimized on [1, b/, when:
1 : II
b= 4 [(b - jeosf(2i - Y] + (a+ b))
For the maximum derivation of []}_; (y — y;) from zero in [1, b], we have

maza<y<p [y v — il

Now:

12



y—vi =3 [(b-a)z+ (a+b)]-5 [(b-a)r; + (a+1D)]
:%[(b—a)x+(a+b)—(b—a)xi+(a+b)]
=35 [(b-a)(x- ;)

_ (b—a)(z—z)
2

Thus:

maza<y<p [limy [y — vil = [(bg“)} T, (z— ;)

Remembering that: W(z) = 2!="T,
and that the maximum value of: T, (z) = 1.
We have:

— [(b*a)}n 21—n

Clearly Tchebycheff’s polynomial has its limitations as an approximation.
This would tend to show us that the use of the interpolation process as a method
of approximation would be inadequate for many applications. I will not present
a theorem which will introduce an approach which gives much better results.

8 Weierstrass Approximation Theorem

Theorem:

Let fbe a continuous function defined on [a, b]. To each € > 0, there corre-
sponds a polynomial p such that ||f—p|| < €. Thus: |f—p| < € forall z € [a, b].

Proof (by Bernstein):
Bernstein constructed, for a given f € ¢/, 1]), a sequence of polynomials

(now called Bernstein polynomials) B, f by means of the formula:

13



(Buf)(x) = Yo F(5)( ) )at(1 =)t

Where: ( Z ) is the binomial coefficient: (n—nikl)'k' }

For f,g € ¢[0, 1] we have:

Bu(f+9) =S (F + 9) (£)( } )ab( — )

=S £ (E) ()= i g (B)() )at )t
= B,f + Bng

And for « a scalar we have:

Bu(af) = Yiso af (&) () )" (1 —a)n

n n n—
— o s F(E) (" )R
= O‘(an)
B,, is thus a linear operator.

By definition, for B,, to be a monotone operator, for:

fg €0, 1]
[z 9= Buf = Bng
Now since n > kand z € [0, 1}:
! k —k
o £ (L =2)" >0

Thus if f > ¢ then:
FEICR )@= = () ()t =t
And therefore:
Sico F(E) () )et—ar = g g (B)( ) —ayt

Thus B, f > B,g and therefore B, f is a monotone operator. I will now
prove a theorem essential to the completion of this proof.

14



9 Theorem on Monotone Operators

Theorem:

For a sequence of monotone linear operators L, on C[1, b/, the following
conditions are equivalent:

1. Lof — fforall f€ cfa, b]
2. L,f — ffor the three functions f(z) = 1, z, 22
3. Lnf — 1and (L,¢:)(t) — 0in t where ¢y(z) = (t — x)?
Proof:
(1 — 2) is trivial.
(2—3)
Define: f;(z) = x'.
Now:
$e(x) = (t —x)?
=2 - 2tz + 2?
¢r =tfo - 2tf1 + f2
Ln¢r = t2Lypfo - 2tLyf1 + Lnfo
(Lude)(t) = (L fo)(t) - 12 - 2t(Lnf1)(t) + 2¢° + (Lnf2)(t) - £
= ?[(Lafo)(t) - 1] - 2t[(Ln f1)(t) - 1] + (L f2)(t) - 7]
< @l Lafo = 1| - [2¢/[| Lnfr = ] + || Lnf2 — ]|
= |1 =1 - [2t][[t = tl] + |2 = 2] = 0
B—=1)
We begin by selecting o such that:
lz—yl <o = |[f(@) - fyl <e (>0 ¢>0)

Now set a = 2||f||c~2 and let ¢ be an arbitrary but fixed point of [1, b]. If
|t — x| < o, then |f(t) — f(z)| < e. Whereas if |t — 2| > o, then:

15



|f(t) = f(@)] < [f@)] + [f(2)]
< 2[|fl
< 2f|f|| 52
= aoy()

Thus for all z, the following inequality is statisfied:
—e - ao(z) < ft) - flxr) < € + aoe(x)
Let fo(xz) = 1. Then we have:
—efo - aoy < f(t)fo - f < efo + aoy
By the linearity and monotonicity of L,, we have:
—e(Lnfo)(t) - a(Luor) < FO(Lafo)(t) - (Laf)(t) < e(Lafo)(®) + alLuor)(t)
This yields:

|f(O)(Lnfo)(t) - (L fe) ()] < €(Lnfo)(t) + a(Lnoe)(t) < €||Lnfoll +
a(Lno)(t)

Since Ly, fo — fo and (Lyno)(t) — 0 we have that the above expression goes

to [f(t) = (Lnf)(t)] < e.

10 Proof of the Weierstrass Theorem

I am first going to prove the theorem for the interval [0, 1] and then extend it
to a given interval [a, bJ. I will show that for any f € ¢/0, 1]. The Bernstein
polynomials B, f converge to f. the linearity and monotonicity of B, have
already been mentioned. By the theorem on monotone operators it will suffice
to show that B, f — ffor f(z) = 1, z, and 2*.

Now applying the binomial theorem, which states that:

Sheo (), )afb R = (a+b)"

‘We have:

16



(Bal)(@) = Xisy (3 )2* (1= 2)"* = o+ (1—a2))" = 1

And for the function f(z) =

(Bnf)(x) = Xk %( Z’ )g;k(l — )k
= 2k=1 %( Z, )Ik(l — )"k
=30 n(nk—ink':)'k'wk(l _ x)n—k

(n—1) k n—k

n !
= Yia1 o=yt (L= 1)

n— -1 ne1_
:xzkzé( nk )xk(l—x) 1=k

=rlz+(1-2)" ! =2

For the function f(z) = 22 we have:

(Buf)(@) = Sio ()" () Jak(1 = o)t

_xn k (n=1)! k n—k
= Dk=1p 1 (h—D)Ik—1)1 T (1—2)

e I (A P (R L

-1

22:1%( Z:}

=S (D )R

> 3
—

k(1 — x)n*

N—

17



n— n k— n_l n—
= T (o )P
n n—1 e
Shon( o )@ —a

= 22 i (05) (i) -+

n %( Z:i )xk(l — )k

_ (n=1) (n—2)! k n—k 1
= L= <[n727(k72)]!(k72)!)‘r (1—=x) T

Sho (ot -

n— n n—2 n—
=y, (g )R- ]
n_
k —

S (31 )Ry

=0 (1= 2)) 2 4 e (1 -2

n

_1\,2
= (n=le” + 2= a?

n
I will extend this theorem to apply to an arbitrary interval [a, b/. That is,

for a function f € cfa, b].
Cleary; g(z) = a + x(b - a) is continuous on [0, 1]
and on [0, 1], g(x) = [a, b]. Thus for o (z) = fg, o (z) is continuous on [0, 1].
Therefore, the Bernstein polynomials converge to o(z) on [0, 1]. But:

18



o(x) = fla=x(b—a) (ze [0, 1])
= 1) (z € [a,b])

Thus, the Bernstein polynomials converge to fon [a, b].
This theorem would serve to indicate that a polynomial constructed from a

sequence of polynomials would satisfy our requirements for an approximation
to f € cfa, b].
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